Expectations theories of asset returns may be interpreted as stating either that risk premia are zero, or that they are constant through time. Under the former interpretation, different versions of the expectations theory of the term structure are inconsistent with one another, but I show that this does not necessarily carry over to the constant risk premium interpretation of the theory. Furthermore, I argue that differences among expectations theories are of 'second order" in a precise mathematical sense. I present an approximate linearized framework for analysis of the term structure in which these differences disappear, and I test its accuracy in practice using data from the CRSP government bond tapes.
TEE TERM STRUCTURE OF INTEREST RATES
In a well-known article, Ccx, Ingersoll and Ross (CIR) [1 re-examine and find wanting certain hypotheses about the term structure of interest rates.
A striking feature of CIR's re-examination is that it is entirely theoretical. dR show that different versions of the pure expectations theory of the term structure, which traditionally were regarded as equivalent, are in fact inconsistent with one another when interest rates are random.
Furthermore, in a fairly general continuous time arbitrage pricing framework, when interest rates are random all versions of the theory except one are incompatible with equilibrium. dIR show that the single version which survives this test, the so-called Local Expectations Hypothesis, does not necessarily have the properties ascribed to it in the literature. In particular, it is not associated with risk-neutrality and it does not necessarily imply that the long rate is linear in short rates if the short rate is linear in its own past history.
At first sight dIRts results appear to be devastating to traditional empirical work on the term structure. They suggest that researchers must specify arbitrage pricing models with a small number of state variables before proceeding to empirical work. Such models must restrict not only the deterministic components of interest rate movements, but also the variance-covariance matrix of interest rate info-vations and the information set of market participants. ' The purpose of this paper is to defend traditional hypotheses about the term structure as a starting point for empirical research.
Although these hypotheses may as a matter of fact be false, it is meaningful to test them against the data; useful empirical work can be done outside the confines of tightly specified arbitrage pricing models.
The defense has two parts.
In the first, I argue that dR's criticisms apply to a more restrictive type of expectations theory than is typically studied in the empirical literature. In the second, I show that the inconsistencies pointed out by dIR are of "second order" in a precise mathematical sense, and I claim that they may often be ignored in empirical work.
Section I of the paper presents the first part of the defense. I begin by showing that it is natural to express a version of an expec- follows an elastic random walk: dr = k(m-r)dt + s(r)dz. The model is closed by assuming that s(r) = sqrt[a + bri and that k(m-r) is not only the best forecast of dr conditional on r, but also the best forecast which can be made by the market.
merely that term premia are constant through time. These are referred to here as versions of the expectations theory of the term structure.
CIR's basic point is that when interest rates are random different term premia are not equivalent to one another because of Jensen's
Inequality. This is, of course) correct. But it turns out that different versions of the expectations theory, as opposed to the pure expectations theory, are not necessarily incompatible with each other or with arbitrage pricing equilibrium.
In section II I argue that in any case the differences among term premia are of second order.' I present an approximate linearized framework for the analysis of the term structure, in which these differences disappear. The framework has a number of advantages. It states a linear relationship between the level and change of a bond yield and the holding return on the bond; it can easily be applied to coupon bonds as well as to discount bonds (bills); it suggests simple regression tests of the expectations theory. In section III I briefly examine the empirical accuracy of the approximation, using data from the CRSP government bond tapes.
Honohan [7] also argues along these lines. He points out that arbitrage models themselves are only approximations to reality, so results based on analysis of these models should not be treated as exact.
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Expectations Theories: Zero versus Constant Risk ?remia Following dR. I define P(Y,t,T) as the price at time t of a claim to one dollar at time T.' This price is a function of t, T and some vector of state variables Y, which summarizes the state of the economy at time t. The corresponding yield to maturity is
which can also be written as
The yield is that rate of continuous discount which equates the present value of the final payment to the current price. Equivalently, it is the continuously compounded rate of return on holding the claim to maturity.
At any time t, and for given state Y, the term structure of interest rates is the set of P(Y,t,T) considered as a function of T.
Assume that this function is differentiable. Then the instantaneous forward rate on a loan at time T, entered into at time t, is
This section considers only claims to a single payment -that is bills or discount bonds -and not claims to a stream of paymentsthat is coupon bonds. Coupon bonds are discussed in the next section.
= y(Y,t,T) + (T-t)[ay(Y,t,T)/aT
To understand this definition, consider buying one claim to a dollar at T+AT for P(T+AT) and selling ?(T+AT)/P(T) claims to a dollar at T for P(T) each. This operation incurs no costs until T, when P(T+AT)/P(T) dollars must be paid. One dollar is then received at Equation (2) states a relation between the instantaneous forward rate and the yield which is analogous to the relation between marginal and average cost. Thus, for example, when the yield is rising with maturity the forward rate is higher than the yield.
The instantaneous ns rate of interest at time t, r(Y,t), is the limit as T approaches t of both f(Y,t,T) and y(Y,t,T).
The instantaneous holding return at time t on a claim maturing at
where dP is the change in P over an interval of time dt. Although it is reasonable to assume that the term structure is a differentiable function of maturity T, it is less reasonable to assume that bond prices are differentiable with respect to t. Following CIR, I assume that bond prices follow diffusion processes and hence are undifferentiable with respect to time if they are random.
I am now able to define two term premia which are the primitive objects of expectations theories. The instantaneous holding premium
where Et denotes mathematical expectation conditional on the information Y available at time t.
The instantaneous forward premium
The instantaneous holding premium is the expected difference at t between the instantaneous holding return on a bond which matures at T and the spot rate at t. The instantaneous forward premium is the expected difference at t between the forward rate at T and the spot rate at T.
Equations (4) and (5) can be integrated with respect to t and T respectively, to give expressions relating the price or yield of a bond to expected spot rates and premia. We obtain 
Theorem. Under dR's notation and assumptions A.l through A.?, if XCY,t) = A and â(Y,t,T) = â(T-t), then there exist functions H(T-t) and F(T-t) such that *(Y,t,T) = H(T-t) and *(Y,t,T) = F(T-t).
Interpretation Then it is unsurprising that tent premia should be functions only of maturity.
The theorem shows by example that the theory * = F(T-t) is compatible with equilibrium, and is not necessarily inconsistent with the theory 0 = H(T-t). It might be possible to construct examples in which $ = B(T-t) but 4' F(T-t) or vice versa. However the example given seems to be the most natural way for 0 = H(T-t) or q, F(T-t) to arise.
Proof. Assumptins A.l through A.7 imply that holding returns on all bonds can be written as
where is the expected instantaneous return and z(t) is the K-dimensional standardized Wiener process driving the economy. An arbitrage argument shows that
Substituting (7) into (6), taking expectations and using the defini-
But if X(Y,t) = X and 6(Y,t,T) = ô(T-t) then
-9-Next we check to see whether *(Y,t,T) = F(T-t) in this case. If this theory holds, then equation (5)t can be written as
But by Ito's lemma,
so combining (9) and (10) we have
Thus we have found a solution for F(T-t) and verified that the theory = F(T-t) holds under the conditions of the theorem.
Comment. The third type of premium discussed by Clii is not constant under the conditions of the theorem. It is easy to show that this premium is proportional to the expected uncompounded gross return on receiving the spot rate at each instant of time,
II. An Approximate Linearized Framework for Study of the Term Structure
In this section I present a set of linear approximations relating forward rates, holding returns and yields to maturity. These approximations serve a double purpose. First, they show that the inconsistencies pointed out by Ccx, Ingersoll and Ross are of second order in a precise mathematical sense. Secondly, they can be derived for coupan bonds as well as discount bonds, and thus allow an easy direct approach to the study of coupon bond data5
The first step is to derive a coupon bond equivalent of equation (2) . Define the yield to maturity on a coupon bond which pays a continuous coupon stream at rate C from t to T, and then a final payment of a dollar at time T, by the implicit function
This equation states that y(Yt,T) is that rate of return which discounts the coupon and principal payments of the bond to Pc(Yt,T), its time t price.0 The price is just the sum of those payments' present Traditionally, researchers have followed Mcculloch 112] and transformed a coupon bond yield curve into an implied discount bond yield curve before conducting their analysis. This procedure is elaborate and itself subject to error.
Note that when = 1 (the bond is selling at par), the yield just
values -a coupon bond is equivalent to a portfolio of discount bonds -so Pc(YtT) can also be written in terms of discount bond prices P(Y,t,T) or discount bond yields y(Y,t,T).
Equation (13) Details of the linearization procedure are explained in the Appendix to this paper.
Equation (14) generates a simple linear approximate relationship between yCYt,T) and the term structure of forward rates {f(Y,t,s)).
C does not appear in this relation. We have
equals the coupon rate C.
-13 -This can be rearranged to express the forward rate f(Y,t,T) as a function only of the level and slope of the term structure of coupon bond yields at the point (t,T):
These equations can be interpreted in a more intuitive way, and related more closely to equation (2), by introducing the concept of "durationt. Duration was defined by Macaulay [10) as the present-value-weighted average length of time before repayment of a loan, where the yield to maturity on the loan is used to compute present value.'
The duration Dc(ycitT) of a bond maturing at T with coupon C and yield y is and there is no expected change in the yield. However , we shall see that this effect is of "second order" in that it does not appear in the linearized holding return.
• This assumption is perfectly consistent with the assumption of CIR that the bond price follows an Ito process with parameters a? and 6? (equation (6)).
Equation (10) expresses the yield on a discount bond as an Ito process, and gives the parameters of this process as functions of a and 6. An equivalent solution for the yield on a coupon bond cannot be calculated explicitly, but it will have the form stated in the text. Under the pure expectations theory the second term on the right hand side of (25) is zero, while under the expectations theory it is constant.
(25) states that when the long rate is (unusually far) above the short rate r, the long rate is expected to rise. This causes an expected capital loss which offsets the higher yield on long bonds.
(25) can be tested by regressing the change in the long rate on the long-short spread, and testing for equality of the estimated coefficient with (l/DR(T_t)). This was the approach of Shiller, Campbell and Schoenholtz [13] , who derived a discrete-time equivalent of the linearized system of this paper, and of Nankiw and Summers [11] .
A closely related test is to regress realized excess returns on long bonds, h_r. on the long-short spread y-r. Under the expectations hypothesis, no variable known in advance predicts h0-r beyond a constant term; but under the alternative of a time-varying risk premi-urn, proxies for • should predict hc_r. Equation (25) shows why the spread is a good proxy.
It states that y0-r = 0 + DgEtdYc so if expected changes in long rates vary little, the spread moves close to one for one with the risk premium. Campbell and Shiller ja], Fama [5] and Huizinga and Mishkin [6] have conducted tests of this sort.
One final implication of equation (25) with a constant risk premium is that long and short rates are "co-integrated" in the sense of
Granger [6] . That is, if long rates follow an ARIMA process of integrated order d, then the long-short spread, being related to the expected change in long rates, is integrated of order (d-l). Furthermore the long rate is linear in current and lagged short rates if the short rate is linear in lagged short rates. The linearized system lends itself to time series analysis of interest rates, as in Campbell [2] .
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III. The Accuracy of the Linearized Framework
In this seètion I present some tests of the empirical accuracy of the linear approximations of this paper. I focus on the approximate expression for the holding return on a long bond.'
In section 2 an approximation was derived only for the instantaneous holding return. This is easily extended to the return on holding a bond from time t to time t', h(YttT):
This equation is analogous to the expression (23)' for the yield on a coupon bond: but here the integral runs from t to t' rather than from t to T. It follows from (23)t and (26) that the yield on a bond maturin& at T can be expressed as an approximate weighted sum of period In Tables I and II I present summary statistics for exact holding returns and two different approximate holding returns on 24 bonds. Table I covers 8 10-year bonds and 4 20-year bonds, while Table II covers 12 bonds of at least 30 years maturity at issue. All summary statistics are for the first 5 years (60 observations) after the bond was issued.
The two approximations in the tables, (1) and (2), differ only in the point of linearization. Approximation Cl) takes the own coupon rate on the bond as the linearization point, while approximation (2) uses a coimnon linearization point of 5.5% for all bonds. 5.5% was chosen because it is close to the average coupon rate of all bonds in Three summary statistics are presented for each approximation.
These are the mean error, the mean difference between the approximate holding return and the exact holding return; the correlation between the approximate and exact holding returns; and the ratio of the variance of the approximation error to the variance of the exact holding return.
The summary statistics of Tables I and II When we examine the 4 20-year bonds in rows 9 through 12 of Table   I , we see a similar pattern. The correlations and mean errors are comparable to those in the first part of Table I . For bond 12, the error variance ratio reaches 0.015 for approximation (1) and 0.076 for approximation (2) , but all other statistics are favorable.
In Table II Table I , but in the last 5 rows the linear approximations begin to break down. There are high mean errors, reaching 3.366% for (1) and 6.174% for (2) in row 9. The correlations remain very high, falling just below 0995 in only one ctse, but the error variance ratios rise to more than 10% for approximation (1) and more than 50% for approximation (2).
In conclusion, linear approximations should be used with caution in describing the period of high and volatile interest rates in the late 1970's and 1980's, and in studying extremely long-term bonds.
Even here, however, the high correlations of To obtain a linearized expression relating yields and forward rates, we start from equation (13) 
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